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Notes on the thermodynamic limit (N- + a)

Why do we need the thermodynamic limit to have a

phase transition ?
There are many different reasons.

Some are complementary ,

one are the same under different angles.
The dynamic reasons have been evoked previously. But

the "ensembles" view of statistical mechanics does not

use dynamics. How do we understand the need for

the thermodynamic limit ?

Let's recall the definition of m :

m(=
so that the spontaneous magnetization ,

that ism if too
,

is

m =olim
But F(h) = - kThzn(h)

,
and

En(h) =Z e-BHC

The partition function is thus the sum over all possible spin

configurations (G"of them) of exponentials ·
The exponential is an analytic function ,

and the sens of

· finite (no matter how large) number of analytic functions
is also analytic



Thus En(h) is analytic h .

Since En(h) > @,
b Zn(h) is also analytic
Thus Fr(h) is analytic .

Moreover
,
since

& (h) is an even function of h (by flip-symmetry of

all spirs , rigorously called & symmetry) , its

derivative with respect toh is add,

Since FrCh) is analytic ,

it is Ca
,
and an odd

function (h) /vanishes at the origin
As a consequence

m

=lim[
There is only one way

out : I must be non-analytic.
cusp

Graphically : ↓ analytic

#orangin.
h

-

~

=lim-limm
↑
He In symmetry must be
respected

We thus need a non-analytic behavior : not the first time we meet it.



But (there is always a "but") : we said that En(h) is

analytic UN .

The only way to get non-analytic behavior is

to let N- as so that Zoh) is the seem of an infinite number

of analytic functions ,
that can be man-analytic

M

Think frix)=Zeb1 - 2

is analytic for any N
,

but

line f(x)= is non-analytic

Since for N spins there are z terms in EN (h)

Smaybe very large but finite]
,
the only way to have

an infinite number of teens is N + 00.

There is one more note :

m =

Klin[i]= 0 = 0

Aspontaneoushim [hi)-=
m() = m

+

magnetization

The two limits do not commute
.

First N - * and then h-> 0.

Physically we understand it : dynamically the system switches
from + to - with a probability per unit time (rate) that

behaves as e-B(Fr(o) - Fr (m*)

The argument is extensive,
so that it does not flip anymore if N - a

Thus a small h makes the system prefer m * 30 · If we send he

before N-> as

,
the system will flip-flop and <Six = 0

.

If instead we send N - n first ,
then ever if h-o afterwards,

the system remains frozen.



dto the Ising model

Exact solution of the 1D Ising model by transfer mateix

N

H = - ] [Sisit-hsi periodic boundary
conditions : SNtiSy

z = 2 e Sist + B (si +S
-

NESil ↳ symmetrization of the
expression

tr.
Sit

Let's call

T(Si
,
Siti) = eBySisit, + (sitsiti

Then

Zu= T,)T) .To

This looks like a product of mateices :

t

=]T() ...
TSoa

Iteratively applying this procedure we have

Zu =[T ,St = [ (e)
~

Sy = I)
= S

= The In (Fasteshea)



Ishee)(
Then we recall thatThe -Xi + >

↑genvalues of I

Fr = -kaThZn = -Roth (Xma + Min) =

= - koTNen Xmax-kisTh[[2 +(

In the thermodynamic limit

F =lim = -Este a

Let's computer >Max

(- x + eB( +2))(- 3 + ep(y-2)) -eB)
= 0

X"->eP]ch(h) + c sinh (282) = a

↓ = eab(h)=cosh(h) - 2 sink (293) =

·each
The argument of the square root is always positive
= Yaax = abbrachtelsinh(Bh) + a

- 2B)



and

f = - bath Tech)+sinhi(h) + e

-2B]

Sanity check : h = 0 => f = - kTh[zcoh(83)]

If with result from
exercise session .

What about the magnetization ?

m(h)=-he
= sich(sche

a

-sinh
(aftera
tedious moth)

at last the spontaneous magnetization is

m = himm(h) = 0 because sinh (h) =o

h -> a if h =0

Not only the Ising model does not have a phase transition,
it is completely disorded at any too .



What did the mean field get wrong ?

We had that
To = & with z = 2 in 2D

What does the mean-field neglect ?

Remember :

SiSi = (Sirin) (Si) + m (si +Sj) -
m

u

neglects fluctuations

could fluctuations be theculprit ?

Let's see : the fully ordered state is
,
say

+ + + + ++ + ++ + ... ..
+ ++ +t N spins

In how many ways can we disorder it with the least increase

of energy ?

Flip one side of the lattice

+ + +++ + + 5--
.... - - ---

This creates a "Wall" that costs 27 in energy

Let's look at the first two terms of the partition

function :

En = g+ g2 eB +...



ga
is the degeneracy of the ground state gas:2

g is the degeneracy of the states withI wall :

Gr
N because we can flip if

eit N bonds

= En = 1 + Ne
- 2B3

+ ...

In the themodinamic limit , if sa o then

the second term dominates.

Given 1 spin ,
it will be in the + State in as many

configurations as in
the-state

.
Thus its average

is 0 in the first excited starte.

The state with two walls is even more disordered

and more degenerate.

Hence
, for any Bsao m =0

The Ising model in ID is disordered because

fluctuations dominate its behavior at any finite

temperature (PSOCED &10) ·

Mean-fieldmeglects fluctuations !!

The free-energy approach to mean-field (Exo . Session 2)
shows thatmean field also neglects correlations.



This is a general principle in physics :

correlations=D fluctuations

Think about the magnetic susceptibility :

X= <M - <ML fluctuations

·[i]
- [si =

= [Cisj] - (Essis" =

ij

= z((SiSj] - (i) (j))
ij

Correlations !



Before moving on
,
there is a crucial question : if Ising ID has no

phase transition ,
how do we know that Ising for a1 instead does ?

Let's look again
at the problem of building an "wall"

· There are N" spirs

·There are
"

ways of⑮ building a wall

N · Each wall breaks it bonds

Cflip one side (

Partition function :

I energy cost of
a wall

- B(2yN)
zw = 2 + gze +... =

Lun

= 1 + e

-B(zIN- kaTNhM]
+... =

= 2 + e-B-Thur
as the "free energy" of

the wall : energy 27

entropy-Kzlur

Thus now the wall term in the partition function dominates

only if
23-ksTheo

hists at a

=D Tsr critical temperature !



This is a crude version of the more rigorous
Peierls argument , but morally the same


